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Superconducting photon detectors

Thermal phase slips

e 0D: Josephson junction
e 1D: Langer-Ambegaokar theory
e 2D: Status quo

Analytical solution in 2D at I — I,

e Stream function
e Boussinesq equation

e Its instanton solution

Away from I. & topological transition between instantons



Superconducting Nanowire Single-Photon Detectors

Herschel Space Observatory Thought to be
(2009—2013) star formation in the early Universe

far infrared and submillimeter
Operates at 1.4 K wavebands (55-672 um)

dirty superconductor inside



Superconducting Nanowire Single-Photon Detectors

Herschel Space Observatory
(2009—2013)

meandered NbN wire

Operates at 1.4 K



Superconducting Nanowire Single-Photon Detectors
Idea: A. D. Semenov, G. N. Goltsman, A. A. Korneev (2001)
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Photon counts & dark counts in SNSPDs
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Photon counts & dark counts in SNSPDs
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Thermal phase slips in a Josephson junction (0D)

Current-biased JJ Activation rate: e 2F/T

U(p) = E;(1 —cosp) — Erjp

max
j=1/1 \./O\
min

> ¥

. AF = U(Ymax) — U(®min)

:2EJ[ 1—j2—jarccosj}

In the limit I — I., the barrier has a power-law dependence:

0D 25/2 3/2



Thermal phase slips: what’s then?

e Zero-frequency measurements e Time-resolved measurements
finite resistance requires a mechanism to recover
the initial superconducting state
V = (h/2e)¢ implemented in SNSPDs
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Supercurrent state in wires
Ginzburg-Landau free energy:

s C’/dx (VAP — |AP + |AJ*/2)

Ginzburg-Landau equation for A(r) = |Ale*?: Supercurrent:
—VAA - A+ |APA =0 j=n|Al*Vo
Supercurrent solution: A(z) = /1 — A2 ¢¥1® j=(1-A%A

Imy
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Phase slips: What is the barrier?
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Naive barrier is extensive:
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AFO(/ dr = L
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Phase slips: What is the barrier?

j — (1 — Az)A max
Je [ e IR
min g . max
. E \m
J u\\ min
5\ Naive barrier is extensive:
' \
b1 L
e \
| V3 \ AF drx = L
0.0 0.2 0.4 0.6 0.8 1.0 0

The way out: a non-uniform solution [Langer and Ambegaokar (1967)]

Imy Imy
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Langer-Ambegaokar instanton

Ginzburg-Landau equation (here f = |A|):
(= =0 () =0

Current conservation j = f2¢’ = const allows to exlude the phase

and to arrive at a mechanical problem

dUe 2 J2 4
_ U LR

f"= 2f2 4

Ueff(f)

df

Uoff 4




Langer-Ambegaokar instanton

Ginzburg-Landau equation (here f = |A|):
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In the uniform case:
E i max ji=f*A
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Langer-Ambegaokar instanton

Ginzburg-Landau equation (here f = |A|):
(= =0 () =0

Current conservation j = f2¢’ = const allows to exlude the phase

and to arrive at a mechanical problem

dUeff f2 J2 f4
!/
= — Ue _— — -
Ugtt A
In the uniform case:
min
TR o I
max \./O\
L 1 l - f min




Langer-Ambegaokar instanton

f(@)
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Langer-Ambegaokar instanton

Ugtt
_________  fom e
oo\ ___min L.
\;/ \ )
max fl
1 1 | - f
0 i 1 f, \
. X
J
Analytic solution:
f(z) = fo— (fo— f1)/cosh®*(z/L,) Energy barrier:
Instanton size: AFP « (1-1/1,)%?L,

L, Nf(T)(l—I/[C)—l/ZL ¢ (1_1/10)5/4
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GL instanton in 2D

Ginzburg-Landau equation for the complex A(r):
—VZA = A+ |APA =0

Boundary condition at infinity: j = |A|*Vy — joes

Current conservation: divj = V(|A]?V¢) = 0

o 1D: |Al?¢’ = jo = const e 2D: nonlocality
closed equation for |A(x)] coupled PDEs
[Langer, Ambegaokar (1964)] for |A(z,y)| and ¢(x,y)

No way?



GL instanton in 2D strips: numerics

L. N. Bulaevskii, M. J. Graf, C. D. Batista, V. G. Kogan (2011)
D. Y. Vodolazov (2012)

e

3.0 | RN - LAI(lD nﬁcleusl) state -
i w=15 g } N ® vortex state (GL model)
A \ vortex state (London model)
Y 0O 'line'/2D nucleus state

/1_=0.83
cp
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Stream function

Description of an incompressible flow by the stream function v (r)

j — (%, —¢m)

X

e Automatically resolves divj = 0 Q)QQO"

e How to get |A(r)| and o(r)? Q//

]
ViV =0
_ 1) = const
That is, ¥ and ¢ are orthogonal
curvilinear coordinates on the plane

Uniform current:

Y = joy and p = Ax




From stream function to order parameter

1. Determine the phase ¢

at infinity:
by solving Vi)V =0 5= joe
(nonlocal)
© — Az

Solution for ¢(r) A

exists and is unique

provided Vi) # 0

(no vortices)

N /

2. Determine the modulus |A| from j = |A[*V (local)

Result: nonlocal (numerical) and nonlinear F'[v)]
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Near the critical current

At I — 1., instanton is a weak perturation of the uniform solution
e Stream function: ¢ = jo(y + fy), and f is small

e Phase: ¢ = A(x + g) g=g" +¢® 4+ ... where ¢ x f°

e Modulus: |A]* = AZ[1+ (1 + fuy)/(1 + g2)]
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Near the critical current

At I — 1., instanton is a weak perturation of the uniform solution

e Stream function: ¢ = jo(y + fy), and f is small
e Phase: ¢ = A(x + g) g=g" +¢® 4+ ... where ¢ x f°

e Modulus: |A]* = AZ[1+ (1 + fuy)/(1 + g2)]
VyVe =0 =  fo,(14+9gz)+ (14 fyy)gy =0

e 1 order: g = —fay > ¢ =—f, (local!)

e 2 order: g = (fax + fyy) fay

e 3 order: g (fa::c + fyy)f:z;yfyy gﬂ(ISZ)fa:y

— (nonlocal)

—



Near the critical current

e=1-3A%~=+/(8/3)(1—-1/I.) <1
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e Quadratic terms: local ef7., fr, foy Jrawr Joay Joyys Tyuy

e Cubic terms: plenty of local and nonlocal terms
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Near the critical current

e=1-3A%~=+/(8/3)(1—-1/I.) <1

2 2 2 2

- : 2 2 2
e Quadratic terms: local ef7., fr, 1hy Jrawr Jrwys Jiyys Jyyy

e Cubic terms: plenty of local and nonlocal terms

1 1
VE - v >
2 1 2
F = C/dajdy (%fix + = iy + gfim + §f§x)

Length scales: L, ~

9



Near the critical current

e=1-3A%~=+/(8/3)(1—-1/I.) <1

2 2 2 2

- : 2 2 2
e Quadratic terms: local ef7., fr, 1hy Jrawr Jrwys Jiyys Jyyy

e Cubic terms: plenty of local and nonlocal terms

1

Length scales: L, ~

=

€ 2 1 2
F=C [|doedy| -f2 +=f2 + = f2 ~f3

Rescaling F =21/2373/2:3/2 8¢

_ (1w 1o 1 & 12
S = /dazdy (2 7z T zfa_cg + fosﬁzi + Sf:ca:>

f=1/



Boussinesq equation

1 - 1 - 1 - 1 -
S = [ drdgl =2 + Z2fF2 4 Zf2 4 Zf3
Saddle-point equation written in terms of u = fzz:
Uzz + Ugg — Uzzzz + (U)zz = 0

Boussinesq equation in the form

In its original (hyperbolic) formulation, with 4 = it and ¢ being time,
this equation describes propagation of shallow water waves
in the long-wavelength limit [J. Boussinesq (1872)].

e Nonlinear PDE integrable by the inverse scattering method
V. E. Zakharov, S. V. Manakov, S. P. Novicov, and L. P. Pitaevsky,
Theory of Solitons: The Inverse Scattering Method (1984)]

e Existence of solitary waves (solitons)
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Instanton in the Boussinesq equation
Uzz + Ugy — Uzzzz + (U)zz = 0

We need a nontrivial localized solution vanishing at r — oo

It can be found in the form inspired by Hirota:

up = —602In(z* + 5° + 3)

fs = —6In(z* + 7% + 3)

Instanton action

S =&«




Free energy barrier

AF?P = cyeconad€®(1—1/1.)%"

ey = 227/43-9/41 — 98 55



Free energy barrier

AF?P = cyeconad€®(1—1/1.)%"

ey = 227/43-9/41 — 98 55

AF™Y = ¢ieconadwé(1 — I/1.)°/*

AFP = coeconadw (1 — I/IC)B/2



Free energy barrier

AF?P = coeoonade®(1 — I/1,)3/ JLlely oo O 1
w 4 4 2
cy = 227/4379/41 = 28.55
L, 6 1
AF™Y = ¢ieconadwé(1 — I/1.)°/* ~ TAFOD i
AFP = coeconadwL(1 — I/1.)%/? g
Length scales:

Ve (A —1I/1)'4 e (1—1/I,)'/?



Supercurrent pattern at the saddle point

Supercurrent low pattern at fg: 15F

Jo _ 18¢%(2ex? — 3e2y> +3) 10

jo (2ex? 4 3e2y? + 3)2 ”
Jy 72e3 1y : |

jo (2e2?2+43e%y2+3)2 Lo
_55_ 0.8

Current at the instanton center:

78(0)

10+

~ =1 — 6¢’ :
Jo -15¢
formally vanishes at I = 0.9261.
T I =0.981,
e=1-34" narrow region of applicability Inax = 1.021,

j=(1-4%4



Thermal phase slips in wide strips

e Wide strips w > L,
Instanton is formed near the edge

1
AF = 5AF?D

e Not so wide strips w < L,
1D LA instanton

AF = AF1P
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Variational approach at finite €

Boussinesq instanton: fg(z,y) = —31In(1 + 2ex?/3 + £2y?) (I —=1.)

Boussinesq-like ansatz: f(z,y) = —aln(1 + c¢{z? + c5y?)
—_———— : 1.0 j
25 (a) é - (b) h
! o : 0.8 .
2.0}\\ e . ] ,'f
S o ’ <C]> - v
SEr . ~ > o
&4 I ¢ ° - ° ././
<40 ., = 04 e
ﬂ e, ] 0.2/ e
05 \.\ 9. [ J ,,/ AB
0.0 v 0.0« A
092 094 09 098 1.00 092 094 09 098 1.00



GL instanton in 2D strips: numerics

D. Y. Vodolazov (2012)

e

3.0{W':15§'}\\'\

2.5

\

- LAI(lD nﬁcleusl) state.
® vortex state (GL model)

M O 'hine'/2D nucleus state

/1_=0.83
cp

vortex state (London model)|
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Topological transition between instantons

e First order scenario

VA and B instantons coexist in some region of
Solution with the lowest AF wins

vortex-antivortex
—

>

0 5 Boussinesq . T
Itop c

e Second order scenario

VA and B instantons continuously transform to each other

vortex-antivortex | Boussinesq

>
I I

Itop



Topological transition in stretched graphene

Graphene under
uniaxial tension

........
..........

ooooooooooooo
oooooooooooooo
..............

.......
- e e e — P = PE = = = - - -

Toy model:

E(k) — :lz‘t/e'l,k(sl _I_ te’Lk(SQ _I_ te’Lk(s3

t'=2

G. Montambaux et al. (2009)
V. M. Pereira et al. (2009) Jybrid”

semi-Dirac’,




Topological transition between instantons
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Summary

e First analytical solution for the GL instanton in 2D
e Obtained in the limit I — I.

e Stream function

e Elliptic Boussinesq equation

e Hirota’s form of the solution

e Second order topological transition expected at Io, ~ 0.9 I

MAS and A. V. Polkin, arXiv:2506.18130



Boussinesq instanton: variational approach

1 - 1 - 1 -
S:/dﬂ_?d?j (§fa2:x+§f§xa:+ f""‘ )
One can look for the saddle point of S using the ansatz f = az(Z, ),
where the spatial profile z(z,y) = ((c17, c2y) determined by a probe

function ((-,-) with ((0,0) = 1. Optimization parameters: a and c; 5.

e First we maximize with respect to the amplitude:

2 2 2
2iz t Zizs T 25
aopt:_<a::c xgxaz xy>>0 where <>:/d@dfg()
<Z££>
e Then we minimize with respect to ¢ o: max
opt : <z—_ + Z:E:f:i T Z——> \0/\\
S°P* 2] = min - 0 qOPt a

C1,C2 6<ZCEZE>2



Boussinesq instanton: variational approach

Ansatz for f(,%) P 5Pt SOPt /&
—61n(z° + 5° + 3) 1
a/(1+ Az + 35*)/? 0.4 0.4 1.120
a/(1+ ciz® + c35°) 0.322 0.322 1.286
a/(1+c3z%)(1 + c39%) 0.298 0.422 1.612
a/ cosh(c1Z) cosh(cay) 0.459 0.543 1.616
aexp(—ciz® — c3y°) 0.365 0.365 3.003

e S°Pt > 87 for all probe functions

e power-law functions with a small exponent provide a better approximation

e the best candidates depend on T2 + QZ

All these facts confirm fg = —61n(z2 + 32 + 3) as the saddle-point
solution with the minimal energy



