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Herschel Space Observatory
(2009—2013)

Operates at 1.4 K
far infrared and submillimeter

wavebands (55–672 µm) 

Thought to be 
star formation in the early Universe

Superconducting Nanowire Single-Photon Detectors

dirty superconductor inside
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Superconducting Nanowire Single-Photon Detectors

effectively gone from the nanowire system. In the nanowires studied in this thesis, the 

electrons and phonons within the nanowire are separately out of equilibrium with the 

substrate. An electron temperature, Te, and a phonon temperature, Tph, is defined. The 

substrate temperature, To, is in general less than Te and Tph, and is equal to the operating 

temperature of the cryostat. The time scales of the interactions that govern energy transfer 

between these three systems are now discussed. 

 

 

Figure 2.3: Equivalent circuit and typical output voltage pulse for an SNSPD. (a) Rd = 0 
in equilibrium, as well as just after the photon is absorbed; (b) the device has become 
resistive due to the absorption of a photon and the spreading of the hotspot, which 
reduces Ic to a value below Ib after which Rd quickly increases to a large value and most 
of the bias current transfers into the load with a time scale of τt = LK/(RL+Rd), where Rd is 
a function of time; (c) the hotspot resistance has returned to zero (or nearly zero), and the 
current is returning slowly to the device with a time constant τr = LK/RL. 
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Cooling due to 
e-ph interaction

shunt

resistance

Idea: A. D. Semenov, G. N. Goltsman, A. A. Korneev (2001)



Photon counts & dark counts in SNSPDs



Photon counts & dark counts in SNSPDs

dark counts 
= 

thermal phase slips
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Thermal phase slips in a Josephson junction (0D)

Current-biased JJ

U(ϕ) = EJ(1− cosϕ)− EJjϕ

j = I/Ic

ϕ ∆F = U(ϕmax)− U(ϕmin)

= 2EJ

[

√

1− j2 − j arccos j
]

∆F 0D
≈

25/2

3
EJ(1− I/Ic)

3/2

In the limit I → Ic, the barrier has a power-law dependence:

min

max

Activation rate: e−∆F/T

ϕ



Thermal phase slips: what’s then?

• Zero-frequency measurements

𝛾 =
2𝐸!
𝑘"𝑇

V = (h̄/2e)ϕ̇

finite resistance

• Time-resolved measurements

requires a mechanism to recover
the initial superconducting state
implemented in SNSPDs

Wires: resistive state............
resolving individual dark counts

shunt

resistance
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Supercurrent state in wires

j = η|∆|2∇ϕ

Supercurrent:

Supercurrent solution: ∆(x) =
√

1−A2 eiAx
j = (1−A2)A

Ginzburg-Landau free energy:

F = C

∫

dx
(

|∇∆|2 − |∆|2 + |∆|4/2
)

Ginzburg-Landau equation for ∆(r) = |∆|eiϕ:

−∇2∆−∆+ |∆|2∆ = 0
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Phase slips: What is the barrier?
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Naive barrier is extensive:

j = (1−A2)A
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Phase slips: What is the barrier?

0.0 0.2 0.4 0.6 0.8 1.0

A

1
√

3

min

max

min max

∆F ∝

∫ L

0

dx = L

Naive barrier is extensive:

j = (1−A2)A

The way out: a non-uniform solution [Langer and Ambegaokar (1967)]

jc

j



Langer-Ambegaokar instanton

Ginzburg-Landau equation (here f = |∆|):

−f ′′
− (1− ϕ′2)f + f3 = 0, (f2ϕ′)′ = 0

Current conservation j = f2ϕ′
= const allows to exlude the phase

and to arrive at a mechanical problem

f ′′ = −

dUeff

df
, Ueff(f) =

f2

2
+

J2

2f2
−

f4

4
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In the uniform case:
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Langer-Ambegaokar instanton

min

max

x

f1

f0

f(x)

L



Langer-Ambegaokar instanton

f(x) = f0 − (f0 − f1)/ cosh
2(x/Lx)

Analytic solution:

min

max

x

f1

f0

f(x)

Lx ∼ ξ(T )(1− I/Ic)
−1/4

Lx

Instanton size:

Energy barrier:

∆F 1D
∝ (1− I/Ic)

3/2Lx

∝ (1− I/Ic)
5/4
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GL instanton in 2D

Boundary condition at infinity: j = |∆|2∇ϕ → j0ex

Current conservation: div j = ∇(|∆|2∇ϕ) = 0

• 1D: |∆|2ϕ′ = j0 = const

Ginzburg-Landau equation for the complex ∆(r):

−∇2∆−∆+ |∆|2∆ = 0

closed equation for |∆(x)|
[Langer, Ambegaokar (1964)]

• 2D: nonlocality

coupled PDEs
for |∆(x, y)| and ϕ(x, y)

No way?



GL instanton in 2D strips: numerics

SADDLE POINT STATES IN TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 85, 174507 (2012)

FIG. 2. (Color online) Energy of saddle point states of three kinds:
LA (green dashed curve), vortex (“line”) [red circles (widely spaced
empty squares)], and 2D nucleus (closely spaced empty squares) in
the film with w = 7ξ . The blue curve corresponds to Eq. (4). The
black dotted line is the dependence "F/F0 = 1.43(1 − I/1.026Idep)
which fits well (deviation less than 2%) our numerical results at
0.6 ! I/Idep ! 0.97. At I > I ∗ # 0.73Idep the LA state has the
lowest energy.

At currents I ∼ Idep the vortex (“line”) state transforms
to the vortex-free SP state (closely spaced empty squares in
Figs. 1–3) when the phase circulation along any closed contour
in the film is equal to zero and |ψ | > 0 everywhere in the film.
To find it we fix the amplitude of the order parameter |ψ | at one
point at the edge. Because of the proximity effect and I ∼ Idep,
this leads to suppression of |ψ | in a relatively large region
around this point (see the inset in Fig. 1 at I/Idep = 0.94).
Further, we call it a 2D nucleus state to distinguish it from the
1D nucleus state of LA (compare the insets in Fig. 1 at I = 0
and at I/Idep = 0.94).

In Figs. 2 and 3 we also plot the dependence of "F on the
energy of the vortex SP state found in the London limit13–15

FIG. 3. (Color online) Energy of saddle point states of three kinds:
LA (green dashed curve), vortex (“line”) [red circles (widely spaced
empty squares)], and 2D nucleus (closely spaced empty squares
near depairing current) in the film with w = 15ξ . The blue curve
corresponds to Eq. (4). The black dotted line is the dependence
"F/F0 = 1.85(1 − I/1.028Idep) which fits well (deviation less than
2%) our numerical results at 0.6 ! I/Idep ! 0.97. At I > I ∗ #
0.92Idep the LA state has the lowest energy.

TABLE I. Values of coefficients in the fitting expressions for the
energy of vortex and 2D nucleus saddle point states [Eq. (5)] and
vortex core energy when the vortex is in the center of the film [the
coefficient ε in Eq. (4)].

w/ξ A B C n ε

7 1.43 1.026 0.89 0.7 0.37
10 1.67 1.026 1.02 0.7 0.38
15 1.85 1.028 0.88 0.6 0.38
30 1.88 1.034 0.68 0.5 0.38

(solid blue curve)

"FV

F0
= −1

2
ln

(
1 + I 2

α2I 2
dep

)
− I

αIdep
tan−1

[
αIdep

I

]

+ ε + ln
(

2w

πξ

)
, (4)

where α = 3
√

3πξ/4w and we add the energy of the vortex
core Ecore = εF0. The numerical coefficient ε is found from
comparison of Eq. (4) with the numerical result at I = 0 and
it is presented in Table I for different widths. Notice the good
agreement between the GL and London models at I " 0.6Idep.
At larger currents the vortex is located at the distance "x " 2ξ
from the edge, and one has to take into account deformation
of the core, which provides the dependence ε(I ). This leads
to a large discrepancy between the London (with ε = const)
and GL models at I # 0.6Idep (see Figs. 2 and 3). Moreover,
at I ∼ Idep the vortex state transforms to the 2D nucleus state,
which cannot be found in the London limit.

Our numerical results at I/Idep # 0.6 could be fitted
(examples of the fitting are presented in Figs. 2 and 3 and
the inset in Fig. 5) by the following functions:

"F

F0
#

{
A(1 − I/BIdep), 0.6 ! I/Idep ! 0.97,

C(1 − I/Idep)n, 0.95 ! I/Idep ! 1.
(5)

The coefficients A, B, and C and power n for different widths
are listed in Table I. Note that the coefficient A is almost
twice larger than the result which follows from the London
model [see Eq. (2)]. It reflects the contribution of Ecore(I )
to "F which for I # 0.6Idep cannot be neglected, and Ecore
gradually decreases with increasing I .

At I/Idep ∼ 1 the power n < 1 (see Table I) in Eq. (5) tells
one that there is a finite (but rather narrow for wide films with
w & ξ ) interval of currents I ∗(w) < I < Idep where the 1D
nucleus (LA) state has the lowest energy (see Figs. 2 and 3).
This result, counterintuitive at first sight, is explained by the
presence of the last term in the right-hand side of Eq. (3).
Although in the LA state the order parameter is suppressed
over the whole width (see the inset at I = 0 in Fig. 1) and
it costs more condensation energy than in the vortex or 2D
nucleus state, the phase difference "ϕ is much larger in the
LA state than in other SP states at I ∼ Idep and this causes
the above result.

Previously, we considered only the single-vortex state and
a 2D nucleus which is located near the edge of the film. In
Fig. 4 we demonstrate that the energy of a 2D nucleus located
in the center of the film is larger than the energy of the edge 2D
nucleus. The vortex-antivortex state into which the 2D nucleus

174507-3

L. N. Bulaevskii, M. J. Graf, C. D. Batista, V. G. Kogan (2011)

D. Y. Vodolazov (2012)
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GL instanton in 2D
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Stream function

Uniform current:

∇ψ∇ϕ = 0

ψ = j0y and ϕ = Ax

Description of an incompressible flow by the stream function ψ(r)

j = (ψy,−ψx)

• Automatically resolves div j = 0

• How to get |∆(r)| and ϕ(r)?

That is, ψ and ϕ are orthogonal
curvilinear coordinates on the plane

ψ = const

ϕ
=
co
n
st



From stream function to order parameter

at infinity:
1. Determine the phase ϕ

2. Determine the modulus |∆| from j = |∆|2∇ϕ (local)

ψ → j0y

ϕ → Ax

j → j0ex
by solving ∇ψ∇ϕ = 0

(nonlocal)

Solution for φ(r)
exists and is unique
provided ∇ψ "= 0
(no vortices)

Result: nonlocal (numerical) and nonlinear F [ψ]
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Near the critical current

• Stream function: ψ = j0(y + fy), and f is small

At I → Ic, instanton is a weak perturation of the uniform solution

• Phase: ϕ = A(x+ g) g = g(1) + g(2) + . . . , where g(n) ∝ fn

• Modulus: |∆|2 = ∆2
0[1 + (1 + fyy)/(1 + gx)]



Near the critical current

fxy(1 + gx) + (1 + fyy)gy = 0
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Near the critical current

fxy(1 + gx) + (1 + fyy)gy = 0

• Stream function: ψ = j0(y + fy), and f is small

At I → Ic, instanton is a weak perturation of the uniform solution

• Phase: ϕ = A(x+ g) g = g(1) + g(2) + . . . , where g(n) ∝ fn

∇ψ∇ϕ = 0

• 1 order: g
(1)
y = −fxy

• 2 order: g(2)y = (fxx + fyy)fxy

• 3 order: g(3)y = −(fxx + fyy)fxyfyy − g
(2)
x fxy

g(1) = −fx (local!)

• Modulus: |∆|2 = ∆2
0[1 + (1 + fyy)/(1 + gx)]

(nonlocal)



Near the critical current

ε = 1− 3A2
≈

√

(8/3)(1− I/Ic) # 1

• Quadratic terms: local εf2
xx, f

2
xy, f

2
yy, f

2
xxx, f

2
xxy, f

2
xyy, f

2
yyy

• Cubic terms: plenty of local and nonlocal terms
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Near the critical current

F = C

∫

dx dy

(

ε

3
f2

xx +
2

9
f2

xy +
1

6
f2

xxx +
2

9
f3

xx

)

ε = 1− 3A2
≈

√

(8/3)(1− I/Ic) # 1

• Quadratic terms: local εf2
xx, f

2
xy, f

2
yy, f

2
xxx, f

2
xxy, f

2
xyy, f

2
yyy

• Cubic terms: plenty of local and nonlocal terms

Lx ∼
1
√
ε

Ly ∼

1

ε
Ly ! LxLength scales:



Near the critical current

S =

∫

dx̄ dȳ

(

1

2
f̄2

x̄x̄ +
1

2
f̄2

x̄ȳ +
1

2
f̄2

x̄x̄x̄ +
1

3
f̄3

x̄x̄

)

Rescaling

F = C

∫

dx dy

(

ε

3
f2

xx +
2

9
f2

xy +
1

6
f2

xxx +
2

9
f3

xx

)

F = 2
1/2

3
−3/2

ε
3/2

SC

ε = 1− 3A2
≈

√

(8/3)(1− I/Ic) # 1

• Quadratic terms: local εf2
xx, f

2
xy, f

2
yy, f

2
xxx, f

2
xxy, f

2
xyy, f

2
yyy

• Cubic terms: plenty of local and nonlocal terms

f = f̄/2

Lx ∼
1
√
ε

Ly ∼

1

ε
Ly ! LxLength scales:



Boussinesq equation

Saddle-point equation written in terms of u = f̄x̄x̄:

ux̄x̄ + uȳȳ − ux̄x̄x̄x̄ + (u2)x̄x̄ = 0

Boussinesq equation in the elliptic form

In its original (hyperbolic) formulation, with ȳ = it and t being time,
this equation describes propagation of shallow water waves
in the long-wavelength limit [J. Boussinesq (1872)].

• Nonlinear PDE integrable by the inverse scattering method
[V. E. Zakharov, S. V. Manakov, S. P. Novicov, and L. P. Pitaevsky,
Theory of Solitons: The Inverse Scattering Method (1984)]

• Existence of solitary waves (solitons)

S =

∫

dx̄ dȳ

(

1

2
f̄2

x̄x̄ +
1

2
f̄2

x̄ȳ +
1

2
f̄2

x̄x̄x̄ +
1

3
f̄3

x̄x̄

)
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Instanton in the Boussinesq equation

We need a nontrivial localized solution vanishing at r → ∞

ux̄x̄ + uȳȳ − ux̄x̄x̄x̄ + (u2)x̄x̄ = 0

Instanton action

S = 8π

It can be found in the form inspired by Hirota:

uB = −6∂2

x̄
ln(x̄2 + ȳ2 + 3)

f̄B = −6 ln(x̄2 + ȳ2 + 3)



Free energy barrier

∆F 2D = c2εconddξ
2(1− I/Ic)

3/4

c2 = 227/43−9/4
π = 28.55



Free energy barrier

∆F 1D = c1εconddwξ(1− I/Ic)
5/4

∆F 2D = c2εconddξ
2(1− I/Ic)

3/4

c2 = 227/43−9/4
π = 28.55

∆F 0D = c0εconddwL(1− I/Ic)
3/2



Free energy barrier

∆F 1D = c1εconddwξ(1− I/Ic)
5/4

∆F 2D = c2εconddξ
2(1− I/Ic)

3/4

Lx ∼
ξ
√
ε
∼

ξ

(1− I/Ic)1/4

Length scales:

c2 = 227/43−9/4
π = 28.55

Ly ∼

ξ

ε
∼

ξ

(1− I/Ic)1/2

∆F 0D = c0εconddwL(1− I/Ic)
3/2

∼

Lx

L
∆F

0D

∼

Lx

L

Ly

w
∆F

0D
6

4
−

1

4
−

1

2

6

4
−

1

4

6

4



Supercurrent pattern at the saddle point

jx

j0
= 1−

18ε2(2εx2
− 3ε2y2 + 3)

(2εx2 + 3ε2y2 + 3)2

jy

j0
= −

72ε3xy

(2εx2 + 3ε2y2 + 3)2

Supercurrent flow pattern at fB:

0.7

0.8

0.9

1.0

x/⇠

y
/⇠

jB(0)

j0
= 1− 6ε2

Current at the instanton center:

formally vanishes at I = 0.926Ic

narrow region of applicabilityε = 1− 3A
2

j = (1−A2)A

I = 0.98Ic

Imax = 1.02Ic



Thermal phase slips in wide strips

• Wide strips w ! Ly

Instanton is formed near the edge

0.7

0.8

0.9

1.0

x/⇠

y
/⇠

∆F =
1

2
∆F

2D

• Not so wide strips w ! Ly

1D LA instanton

∆F = ∆F
1D
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Variational approach at finite e

Boussinesq instanton: fB(x, y) = −3 ln(1 + 2εx2/3 + ε2y2)
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Boussinesq-like ansatz: f(x, y) = −a ln(1 + c21x
2 + c22y

2)
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GL instanton in 2D strips: numerics

SADDLE POINT STATES IN TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 85, 174507 (2012)

FIG. 2. (Color online) Energy of saddle point states of three kinds:
LA (green dashed curve), vortex (“line”) [red circles (widely spaced
empty squares)], and 2D nucleus (closely spaced empty squares) in
the film with w = 7ξ . The blue curve corresponds to Eq. (4). The
black dotted line is the dependence "F/F0 = 1.43(1 − I/1.026Idep)
which fits well (deviation less than 2%) our numerical results at
0.6 ! I/Idep ! 0.97. At I > I ∗ # 0.73Idep the LA state has the
lowest energy.

At currents I ∼ Idep the vortex (“line”) state transforms
to the vortex-free SP state (closely spaced empty squares in
Figs. 1–3) when the phase circulation along any closed contour
in the film is equal to zero and |ψ | > 0 everywhere in the film.
To find it we fix the amplitude of the order parameter |ψ | at one
point at the edge. Because of the proximity effect and I ∼ Idep,
this leads to suppression of |ψ | in a relatively large region
around this point (see the inset in Fig. 1 at I/Idep = 0.94).
Further, we call it a 2D nucleus state to distinguish it from the
1D nucleus state of LA (compare the insets in Fig. 1 at I = 0
and at I/Idep = 0.94).

In Figs. 2 and 3 we also plot the dependence of "F on the
energy of the vortex SP state found in the London limit13–15

FIG. 3. (Color online) Energy of saddle point states of three kinds:
LA (green dashed curve), vortex (“line”) [red circles (widely spaced
empty squares)], and 2D nucleus (closely spaced empty squares
near depairing current) in the film with w = 15ξ . The blue curve
corresponds to Eq. (4). The black dotted line is the dependence
"F/F0 = 1.85(1 − I/1.028Idep) which fits well (deviation less than
2%) our numerical results at 0.6 ! I/Idep ! 0.97. At I > I ∗ #
0.92Idep the LA state has the lowest energy.

TABLE I. Values of coefficients in the fitting expressions for the
energy of vortex and 2D nucleus saddle point states [Eq. (5)] and
vortex core energy when the vortex is in the center of the film [the
coefficient ε in Eq. (4)].

w/ξ A B C n ε

7 1.43 1.026 0.89 0.7 0.37
10 1.67 1.026 1.02 0.7 0.38
15 1.85 1.028 0.88 0.6 0.38
30 1.88 1.034 0.68 0.5 0.38

(solid blue curve)
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(
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πξ

)
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where α = 3
√

3πξ/4w and we add the energy of the vortex
core Ecore = εF0. The numerical coefficient ε is found from
comparison of Eq. (4) with the numerical result at I = 0 and
it is presented in Table I for different widths. Notice the good
agreement between the GL and London models at I " 0.6Idep.
At larger currents the vortex is located at the distance "x " 2ξ
from the edge, and one has to take into account deformation
of the core, which provides the dependence ε(I ). This leads
to a large discrepancy between the London (with ε = const)
and GL models at I # 0.6Idep (see Figs. 2 and 3). Moreover,
at I ∼ Idep the vortex state transforms to the 2D nucleus state,
which cannot be found in the London limit.

Our numerical results at I/Idep # 0.6 could be fitted
(examples of the fitting are presented in Figs. 2 and 3 and
the inset in Fig. 5) by the following functions:

"F

F0
#

{
A(1 − I/BIdep), 0.6 ! I/Idep ! 0.97,

C(1 − I/Idep)n, 0.95 ! I/Idep ! 1.
(5)

The coefficients A, B, and C and power n for different widths
are listed in Table I. Note that the coefficient A is almost
twice larger than the result which follows from the London
model [see Eq. (2)]. It reflects the contribution of Ecore(I )
to "F which for I # 0.6Idep cannot be neglected, and Ecore
gradually decreases with increasing I .

At I/Idep ∼ 1 the power n < 1 (see Table I) in Eq. (5) tells
one that there is a finite (but rather narrow for wide films with
w & ξ ) interval of currents I ∗(w) < I < Idep where the 1D
nucleus (LA) state has the lowest energy (see Figs. 2 and 3).
This result, counterintuitive at first sight, is explained by the
presence of the last term in the right-hand side of Eq. (3).
Although in the LA state the order parameter is suppressed
over the whole width (see the inset at I = 0 in Fig. 1) and
it costs more condensation energy than in the vortex or 2D
nucleus state, the phase difference "ϕ is much larger in the
LA state than in other SP states at I ∼ Idep and this causes
the above result.

Previously, we considered only the single-vortex state and
a 2D nucleus which is located near the edge of the film. In
Fig. 4 we demonstrate that the energy of a 2D nucleus located
in the center of the film is larger than the energy of the edge 2D
nucleus. The vortex-antivortex state into which the 2D nucleus
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VA and B instantons coexist in some region of I
Solution with the lowest ∆F wins

• Second order scenario

VA and B instantons continuously transform to each other
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Topological transition between instantons

Second order transition appears most plausible
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FIG. 2. (Color online) Energy of saddle point states of three kinds:
LA (green dashed curve), vortex (“line”) [red circles (widely spaced
empty squares)], and 2D nucleus (closely spaced empty squares) in
the film with w = 7ξ . The blue curve corresponds to Eq. (4). The
black dotted line is the dependence "F/F0 = 1.43(1 − I/1.026Idep)
which fits well (deviation less than 2%) our numerical results at
0.6 ! I/Idep ! 0.97. At I > I ∗ # 0.73Idep the LA state has the
lowest energy.

At currents I ∼ Idep the vortex (“line”) state transforms
to the vortex-free SP state (closely spaced empty squares in
Figs. 1–3) when the phase circulation along any closed contour
in the film is equal to zero and |ψ | > 0 everywhere in the film.
To find it we fix the amplitude of the order parameter |ψ | at one
point at the edge. Because of the proximity effect and I ∼ Idep,
this leads to suppression of |ψ | in a relatively large region
around this point (see the inset in Fig. 1 at I/Idep = 0.94).
Further, we call it a 2D nucleus state to distinguish it from the
1D nucleus state of LA (compare the insets in Fig. 1 at I = 0
and at I/Idep = 0.94).

In Figs. 2 and 3 we also plot the dependence of "F on the
energy of the vortex SP state found in the London limit13–15
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corresponds to Eq. (4). The black dotted line is the dependence
"F/F0 = 1.85(1 − I/1.028Idep) which fits well (deviation less than
2%) our numerical results at 0.6 ! I/Idep ! 0.97. At I > I ∗ #
0.92Idep the LA state has the lowest energy.

TABLE I. Values of coefficients in the fitting expressions for the
energy of vortex and 2D nucleus saddle point states [Eq. (5)] and
vortex core energy when the vortex is in the center of the film [the
coefficient ε in Eq. (4)].

w/ξ A B C n ε

7 1.43 1.026 0.89 0.7 0.37
10 1.67 1.026 1.02 0.7 0.38
15 1.85 1.028 0.88 0.6 0.38
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3πξ/4w and we add the energy of the vortex
core Ecore = εF0. The numerical coefficient ε is found from
comparison of Eq. (4) with the numerical result at I = 0 and
it is presented in Table I for different widths. Notice the good
agreement between the GL and London models at I " 0.6Idep.
At larger currents the vortex is located at the distance "x " 2ξ
from the edge, and one has to take into account deformation
of the core, which provides the dependence ε(I ). This leads
to a large discrepancy between the London (with ε = const)
and GL models at I # 0.6Idep (see Figs. 2 and 3). Moreover,
at I ∼ Idep the vortex state transforms to the 2D nucleus state,
which cannot be found in the London limit.

Our numerical results at I/Idep # 0.6 could be fitted
(examples of the fitting are presented in Figs. 2 and 3 and
the inset in Fig. 5) by the following functions:
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The coefficients A, B, and C and power n for different widths
are listed in Table I. Note that the coefficient A is almost
twice larger than the result which follows from the London
model [see Eq. (2)]. It reflects the contribution of Ecore(I )
to "F which for I # 0.6Idep cannot be neglected, and Ecore
gradually decreases with increasing I .

At I/Idep ∼ 1 the power n < 1 (see Table I) in Eq. (5) tells
one that there is a finite (but rather narrow for wide films with
w & ξ ) interval of currents I ∗(w) < I < Idep where the 1D
nucleus (LA) state has the lowest energy (see Figs. 2 and 3).
This result, counterintuitive at first sight, is explained by the
presence of the last term in the right-hand side of Eq. (3).
Although in the LA state the order parameter is suppressed
over the whole width (see the inset at I = 0 in Fig. 1) and
it costs more condensation energy than in the vortex or 2D
nucleus state, the phase difference "ϕ is much larger in the
LA state than in other SP states at I ∼ Idep and this causes
the above result.

Previously, we considered only the single-vortex state and
a 2D nucleus which is located near the edge of the film. In
Fig. 4 we demonstrate that the energy of a 2D nucleus located
in the center of the film is larger than the energy of the edge 2D
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Summary

• First analytical solution for the GL instanton in 2D

• Obtained in the limit I → Ic

• Stream function

• Elliptic Boussinesq equation

• Hirota’s form of the solution

• Second order topological transition expected at Itop ≈ 0.9 Ic

MAS and A. V. Polkin, arXiv:2506.18130



Boussinesq instanton: variational approach

One can look for the saddle point of S using the ansatz f̄ = az(x̄, ȳ),
where the spatial profile z(x̄, ȳ) = ζ(c1x̄, c2ȳ) determined by a probe
function ζ(·, ·) with ζ(0, 0) = 1. Optimization parameters: a and c1,2.

a
opt

= −
〈z2x̄x̄ + z

2
x̄x̄x̄ + z

2
x̄ȳ〉

〈z3x̄x̄〉
> 0

S =

∫

dx̄ dȳ

(

1

2
f̄2

x̄x̄ +
1

2
f̄2

x̄x̄x̄ +
1

2
f̄2

x̄ȳ +
1

3
f̄3

x̄x̄

)

where 〈· · · 〉 =

∫
dx̄ dȳ (· · · )

• First we maximize with respect to the amplitude:

S
opt[z] = min

c1,c2

〈z2x̄x̄ + z2x̄x̄x̄ + z2x̄ȳ〉
3

6〈z3x̄x̄〉2

• Then we minimize with respect to c1,2:
max

a
opt

0 a



Boussinesq instanton: variational approach
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TABLE I. Exact instanton solution for the Boussinesq equa-
tion (10) and several variational approximations.

Ansatz for f̄(x̄, ȳ) copt1 copt2 Sopt/8⇡

�6 ln(x̄2 + ȳ2 + 3) 1

a/(1 + c21x̄
2 + c22ȳ

2)1/2 0.4 0.4 1.120

a/(1 + c21x̄
2 + c22ȳ

2) 0.322 0.322 1.286

a/(1 + c21x̄
2)(1 + c22ȳ

2) 0.298 0.422 1.612

a/ cosh(c1x̄) cosh(c2ȳ) 0.459 0.543 1.616

a exp(�c21x̄
2 � c22ȳ

2) 0.365 0.365 3.003

two-parametric function z(x̄, ȳ), with c1 and c2 control-
ling its decay at large x̄ and ȳ, respectively. First we
determine the optimal value of the amplitude: aopt =
�hz2x̄x̄ + z2x̄x̄x̄ + z2x̄ȳi/hz3x̄x̄i, where h· · · i =

R
dx̄ dȳ (· · · ).

Substituting it back to the action (9) and minimizing
with respect to c1 and c2, we obtain the following varia-
tional estimate for the instanton action:

Sopt[z] = min
c1,c2

hz2x̄x̄ + z2x̄x̄x̄ + z2x̄ȳi3

6hz3x̄x̄i2
. (12)

The values of Sopt are listed in the last column of Table I.
The lower boundedness of the right-hand side of Eq. (12)
provides an independent evidence for the existence of an
instanton solution for the Boussinesq equation. We also
see that (i) Sopt > 8⇡ for all probe functions, (ii) power-
law functions with a small exponent provide a better
approximation, and (iii) the best candidates depend on
x̄2 + ȳ2. Collectively, these results confirm Eq. (11) as
the saddle-point solution with the minimal energy.

The current density (3) reaches its minimum j(0)/j0 =
1�6"2 at the instanton center. The value of j(0) formally
vanishes at " = 1/

p
6, corresponding to I/Ic = 15/16,

which is numerically close to critical current. Since the
theory assumes that the saddle point is a small modifi-
cation of the uniform solution, it remains valid only in a
narrow few-percent window below Ic.

In order to get insight on the behavior of the instan-
ton at larger deviations of I from Ic, when the pertur-
bation of j(r) is not small, we have performed a nu-
merical variational search of the saddle point. Assum-
ing a Boussinesq-like ansatz for the stream function,
f(x, y) = �a ln(1 + c21x

2 + c22y
2), specified by the pa-

rameters a, c1 and c2 [in the limit I ! Ic, given by 3,p
2"/3 and ", respectively], we reconstruct the phase by

numerically solving Eq. (7) for g(x, y). The free energy
is then maximized with respect to a and minimized with
respect to c1,2. The barrier obtained in this way normal-
ized by Eq. (2) is shown in Fig. 2. The current density
at the instanton center, j(0)/j0, is shown in ..........

We see that suppression of the current at the instanton
center is slower than for the exact solution (3) (dashed
line in Fig. 2), with a tendency to saturation below 95 %
of Ic. Though such a behavior might be just an artefact
of the inapplicability of the Bossinesq ansatz at lower

FIG. 2. (di↵erent fig) Order parameter at the center of
the instanton normalized by its value at infinity, �min/�0,
vs. current (bottom axis) or " (top axis). Blue line: 1D LA
instanton, red line: 2D instanton. Red line away from criti-
cality to be obtained numerically. Green dashed line: jmin/j0
according to (3a).

currents, we believe it is a strong argument in favor of
the first-order transition between topologically nontrivial
(vortex-like) and topologically trivial (Boussinesq-like)
instantons at some Itop. In an alternative second-order-
transition scenario, the Boussinesq-like instanton contin-
uously transforms into a vortex-antivortex pair, with van-
ishing j(0) at Itop and further splitting of the emerging
zero in �(r) into a pair of zeros of positive and negative
windingds at I < Itop (similar to the mechanism of topo-
logical transition in stretched graphene [26, 27]). The
fact that our probe numerical solution avoids strong sup-
pression of the current at the origin presumably excludes
the second-order scenario. Instead, the vortex-antivortex
and Bossinesq-like solutions should coexist in some re-
gion, with their barriers being equal at Itop, in agree-
ment with the numerical results of Ref. [13] obtained in
the strip geometry.
Our results derived for an infinite plane determine the

dark-count rate in SNSPD detectors with wide supercon-
ducting strips [14, 15]. If their width w � Ly, the in-
stanton is formed right at its edge and has the activation
energy �F 2D/2. In the opposite limit of narrow strips
(w ⌧ Ly), the problem becomes 1D, with the barrier
height given by the LA expression (1).

To conclude, we provide the first analytical calculation
of the activation barrier for thermal phase slips in infi-
nite current-carrying superconducting films at I ! Ic.
In this limit, the saddle-point configuration is deter-
mined by the exactly integrable Boussinesq equation. It
is strongly anisotropic with Ly � Lx, leading to the
(1� I/Ic)3/4 scaling of the activation barrier. When the
current reaches about 95% of Ic,
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• Sopt > 8π for all probe functions

• the best candidates depend on x̄
2 + ȳ

2

• power-law functions with a small exponent provide a better approximation

All these facts confirm f̄B = −6 ln(x̄2 + ȳ2 + 3) as the saddle-point
solution with the minimal energy


